When Aspiring and Rational Agents Strive to Coordinate by Roy, Jaideep
u n i ve r s i t y  o f  co pe n h ag e n  
Københavns Universitet
When Aspiring and Rational Agents Strive to Coordinate
Roy, Jaideep
Publication date:
2000
Document version
Early version, also known as pre-print
Citation for published version (APA):
Roy, J. (2000). When Aspiring and Rational Agents Strive to Coordinate. Department of Economics, University
of Copenhagen.
Download date: 01. Feb. 2020
DISCUSSION PAPERS 
Department of Economics 
University of Copenhagen 
 
 
 
 
00-16 
 
 
When Aspiring and Rational Agents  
Strive to Coordinate 
 
 
Jaideep Roy 
 
 
 
 
 
Studiestræde 6, DK-1455 Copenhagen K., Denmark 
Tel. +45 35 32 30 82 - Fax +45 35 32 30 00 
http://www.econ.ku.dk 
 
 
Zkhq dvslulqj dqg udwlrqdo djhqwv
vwulyh wr frruglqdwh
Mdlghhs Ur|_
Lqvwlwxwh ri Hfrqrplfv
Xqlyhuvlw| ri Frshqkdjhq
VwxglhvwuØgh 9
GN 4788/ Frshqkdjhq N/ Ghqpdun1
Vhswhpehu 7/ 53331
Devwudfw
Wkh sdshu vwxglhv d jdph ri frpprq lqwhuhvw sod|hg lqqlwho| pdq|
wlphv ehwzhhq wzr sod|huv/ rqh ehlqj dvsludwlrq gulyhq zkloh wkh rwkhu
ehlqj d p|rslf rswlpl}hu1 Lw lv vkrzq wkdw wkh rqo| wzr orqj uxq vwd0
wlrqdu| rxwfrphv duh wkh wzr vwdwlf htxloleulxp srlqwv1 Urexvwqhvv
ri orqj uxq ehkdylru lv vwxglhg wr vkrz wkdw zkhqhyhu wkh rswlpl}hu
lv doorzhg wr pdnh vpdoo plvwdnhv/ sod|huv duh deoh wr frruglqdwh rq
wkh Sduhwr grplqdqw htxloleulxp srlqw prvw ri wkh wlph lq wkh orqj
uxq li wkh vshhg ri hyroxwlrq ri dvsludwlrqv lv vx!flhqwo| idvw1 Krz0
hyhu/ zkhq rqo| wkh dvslulqj sod|hu lv doorzhg wr pdnh vpdoo plvwdnhv/
dfklhylqj frruglqdwlrq lv lqhylwdeoh dqg lqghshqghqw ri wkh vshhg dw
zklfk dvsludwlrqv hyroyh1
Nh|zrugv= frruglqdwlrq/ hyroxwlrq ri dvsludwlrq/ p|rslf rswl0
pl}dwlrq1
MHO Fodvvlfdwlrq= F:5/ G;61
WWklv lv d sduw ri p| Sk1G1 wkhvlv dw Xqlyhuvlgdg Fduorv LLL gh Pdgulg1 L uhpdlq
judwhixo wr Vdqgur Euxvfr iru klv vxssruw dqg jxlgdqfh wkurxjkrxw wklv zrun1 Vshfldo
wkdqnv duh gxh wr Dqwrqlr Fdeudohv dqg Ihuqdqgr Yhjd0Uhgrqgr iru pdq| uhpdunv dqg
vxjjhvwlrqv zklfk lpsuryhg wkh sdshu d orw1 L zrxog dovr zlvk wr wkdqn Oxlv Frufkrq/
Odxuhqfh Nudqlfk/ Fduphor Qxqh} dqg Nrqvwdqwlqrv Vhuihv iru khosixo frpphqwv1 Wkh
sdshu dovr ehqhwwhg iurp vhplqdu suhvhqwdwlrq dw wkh Lqgldq Lqvwlwxwh ri Pdqdjhphqw/
Fdofxwwd1 Uhpdlqlqj huuruv dqg rplvvlrqv duh vroho| p| rzq1
_Fruuhvsrqghqfh= who= .78 68 65 77 55> id{= .78 68 65 63 33> h0pdlo=
mdlghhs1ur|Chfrq1nx1gn
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4 Lqwurgxfwlrq
Wkh sdshu vwxglhv uhshdwhg lqwhudfwlrqv ehwzhhq wzr sod|huv xvlqj glhuhqw
ehkdylru uxohv lq d vwudwhjlf hqylurqphqw uhsuhvhqwhg e| d frpprq lqwhu0
hvw jdph zkhuh wkhuh duh pxowlsoh sxuh vwudwhj| htxloleulxp srlqwv/ dqg
wkh sod|huv idfh wkh sureohp ri ghflglqj zklfk dfwlrq wr wdnh lq hdfk sh0
ulrg1 Vrph htxloleuld Sduhwr grplqdwh rwkhuv exw sod|lqj wkhvh htxloleulxp
vwudwhjlhv pd| qhyhuwkhohvv lqyroyh ulvnv dulvlqj rxw ri wkh srvvlelolw| ri fr0
ruglqdwlrq idloxuh1 Hqylurqphqwv h{klelwlqj vxfk ihdwxuhv duh lq dexqgdqfh
lq hfrqrplfv + dqg vrfldo vflhqfhv lq sduwlfxodu, dqg jdlq vshfldo dwwhqwlrq lq
prghov ri vwudwhjlf0frpsohphqwdulw| ri lqyhvwphqw ghflvlrqv1 Iru h{dpsoh/
d orz ohyho ri hfrqrplf dfwlylw| fdq vrphwlphv eh wkrxjkw ri dv wkh rxw0
frph ri dq hfrqrp| zlgh frruglqdwlrq idloxuh/ lq zklfk vhyhudo lqyhvwphqwv
gr qrw rffxu ehfdxvh rwkhu frpsohphqwdu| lqyhvwphqwv duh qrw pdgh/ dqg
wkhvh odwwhu lqyhvwphqwv duh qrw iruwkfrplqj vlpso| ehfdxvh wkh iruphu duh
plvvlqj1 Wklv dovr surylghv d srwhqwldo h{sodqdwlrq ri zk| vlplodu hfrqrplhv
ehkdyh yhu| glhuhqwo|/ ghshqglqj xsrq wkhlu sdvw hfrqrplf yhqwxuhv1
Hyhq wkrxjk vxfk h!flhqw rxwfrphv +olnh wkh rqh zkhuh doo upv lq0
yhvw, duh htxloleulxp srlqwv/ wkhuh duh uhdvrqv wr grxew wkdw wkh| zrxog eh
fkrvhq1 Iru lqvwdqfh/ wkh ulvn grplqdqfh fulwhulrq ri Kduvdq|l dqg Vhowhq
+4<;;, pd| vhohfw dq htxloleulxp iurp zklfk wkhuh lv vfrsh iru gudvwlf Sduhwr
lpsuryhphqw1 Qhyhuwkhohvv/ lq d jdph ri frpprq lqwhuhvw/ wkh Sduhwr grp0
lqdqw htxloleulxp srlqw vhhpv pruh frpshoolqj1 Pdq| dxwkruv kdyh wulhg
wr ghulyh lw dv wkh xqltxh suhglfwlrq iru wkh uhshdwhg yhuvlrq ri wkh jdph14
Zh hvvhqwldoo| vwxg| wklv sureohp ri frruglqdwlrq idloxuh idfhg e| wzr
sod|huv/ rqh ehlqj d p|rslf ehvw0uhvsrqghqw zkloh wkh rwkhu ehlqj dvslud0
wlrq gulyhq1 Lq d prgho ri lqyhvwphqw/ wkh xvh ri glhuhqw ehkdylru uxohv
kdv vrph lqwhuhvwlqj dssolfdwlrqv1 Iru h{dpsoh/ zh fdq lpdjlqh wkdw wkh
4Edonhqeruj +4<<6,/ Dxpdqq dqg Vrulq +4<;<,/ Elqpruh dqg Vdpxhovrq +4<<:,/ wr
phqwlrq d ihz1
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zrunlqj uxohv ri pdqdjhphqw xqlwv glhu dfurvv upv1 Lq pdq| lqvwdqfhv/
wkh pdqdjhuv ri vrph upv vhw surw wdujhwv dqg dffruglqjo| wdnh wkhlu lq0
yhvwphqw ghflvlrqv1 Li wkhlu ghflvlrqv phhw vxfk wdujhwv/ wkh| whqg wr wdnh xs
vlplodu surmhfwv1 Rwkhuzlvh/ wkh| h{soruh wkh srvvlelolw| ri h{sdqglqj wkhlu
exvlqhvv lq rwkhu gluhfwlrqv1 Lq pdq| rwkhu lqvwdqfhv/ wkh pdqdjhphqw vhwv
vkruw whup jrdov dqg lqyhvwv lq surmhfwv zklfk pd{lpl}h wkhlu lpphgldwh
surw1 Rxu sdshu fdq eh xvhg wr vwxg| wkh ohyho ri djjuhjdwh lqyhvwphqw
lq vlwxdwlrqv zkhuh wkhvh wzr glhuhqw pdqdjhphqw erglhv lqwhudfw1 Wkh
dvsludwlrq gulyhq sod|hu lv qdlyh dqg xvhv wkh iroorzlqj vlpsoh ehkdylru
uxoh1 Kh kdv d sd|r dvsludwlrq dqg wdnhv dfwlrqv1 Li dq dfwlrq |lhogv d
sd|r ri dw ohdvw wkh dvsludwlrq zlwk zklfk wkdw dfwlrq zdv lpsohphqwhg/ kh
nhhsv sod|lqj wkh vdph dfwlrq1 Rwkhuzlvh/ kh vzlwfkhv dfwlrqv zlwk d srv0
lwlyh suredelolw|1 Ixuwkhupruh/ dvsludwlrqv duh xsgdwhg e| wdnlqj d vlpsoh
zhljkwhg dyhudjh ri sdvw dvsludwlrqv dqg sd|r h{shulhqfh1
Ehqgru hw do1 +4<<8, vwxg| uhshdwhg jdphv zkhuh erwk sod|huv duh dvsl0
udwlrq gulyhq exw dvsludwlrqv duh vwdwlf1 Wkh| vkrz wkdw lq jdphv ri frp0
prq lqwhuhvw/ sod|huv fdq jhqhudoo| dwwdlq lqglylgxdoo| udwlrqdo sxuh vwudwhj|
Sduhwr h!flhqw sd|rv1 Dovr/ lqlwldo frqglwlrqv sod| dq lpsruwdqw uroh lq
wkh vhohfwlrq ri orqj uxq rxwfrphv1 Ndudqglndu hw do1 +4<<;, vwxg| 5  5
jdphv uhshdwhg lqqlwho| pdq| wlphv ehwzhhq wzr dvsludwlrq gulyhq sod|huv
zlwk hyroylqj dvsludwlrqv1 Wkh| vkrz wkdw iru vx!flhqwo| vorz hyroxwlrq ri
dvsludwlrqv dqg vpdoo wuhpeohv lq wkh xvh ri wkh dvsludwlrq xsgdwlqj uxohv/
erwk sod|huv duh deoh wr frruglqdwh rq wkh Sduhwr grplqdqw htxloleulxp
prvw ri wkh wlph lq wkh orqj uxq1 Lq d vljqlfdqwo| glhuhqw vwudwhjlf vhw0
wlqj/ Sdorplqr dqg Yhjd0Uhgrqgr +4<<<, sursrvh dq dvsludwlrq edvhg prgho
ri frrshudwlrq zkhuh dvslulqj sod|huv gudzq iurp d odujh srsxodwlrq duh
udqgrpo| pdwfkhg hyhu| shulrg wr sod| d Sulvrqhu*v Glohppd jdph1 Wkhlu
dvsludwlrqv duh xsgdwhg rq wkh edvlv ri srsxodwlrq dyhudjh ri sdvw sd|r
h{shulhqfhv1 Wkh| vkrz wkdw dq| orqj uxq rxwfrph ri wkh jdph glvsod|v
frrshudwlyh ehkdylru e| d srvlwlyh +dqg dozd|v ohvv wkdq 425, iudfwlrq ri wkh
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srsxodwlrq1 Sd}jdo +4<<8, vwxglhv uhshdwhg sod| ri pxwxdo lqwhuhvw jdphv e|
vdwlvflqj ghflvlrq pdnhuv dqg vkrzv wkdw iru d kljk hqrxjk lqlwldo dvslud0
wlrq ohyho/ wkhuh lv d kljk suredelolw| ri frqyhujhqfh wr wkh Sduhwr grplqdqw
rxwfrph1
Rq wkh rwkhu kdqg/ lw lv d zhoo hvwdeolvkhg uhvxow wkdw li doo sod|huv duh
p|rslfdoo| udwlrqdo/ wkh| zloo frqyhujh zlwk suredelolw| rqh wr vrph sxuh
vwudwhj| htxloleulxp srlqw lq dq| jlyhq jdph1 Dowkrxjk wklv uhvxow lv lqwhu0
hvwlqj/ lw lv vrphzkdw lqwxlwlyh1 Pruhryhu/ lw idlov wr dgg dq| ixuwkhu lqvljkw
rq wkh lvvxh ri htxloleulxp vhohfwlrq1 Dvsludwlrq edvhg prghov fohduo| kdyh
vkdushu suhglfwlrqv lq wkh vhqvh wkdw wkh| duh deoh wr qg frqglwlrqv xqghu
zklfk wkh Sduhwr grplqdqw htxloleulxp srlqw lv vhohfwhg prvw ri wkh wlph lq
wkh orqj uxq/ dv glvfxvvhg deryh1 Jlyhq wklv/ zh dvn wkh iroorzlqj txhvwlrq=
zkdw kdsshqv li d p|rslfdoo| udwlrqdo dqg dq dvslulqj sod|hu lqwhudfwB Rqh
pd| vxvshfw wkdw dv wzr p|rslfdoo| udwlrqdo sod|huv frqyhujh wr dq htxlole0
ulxp srlqw dqg dv wzr dvsludwlrq gulyhq sod|huv duh deoh wr frruglqdwh lq wkh
orqj uxq rq wkhlu frpprqo| suhihuuhg rxwfrph/ vrph frqyh{ frpelqdwlrq ri
wkhvh wzr ehkdylru uxohv zloo ghprqvwudwh vlplodu orqj uxq ehkdylru1 Iluvwo|/
wklv dvvhuwlrq lv qrw dw doo reylrxv dqg qhhgv d surri1 Vhfrqgo|/ dqg prvw
lpsruwdqwo|/ wkh txhvwlrq uhpdlqv dv wr zkhwkhu/ dqg xqghu zkdw frqglwlrqv
wkh sod|huv duh deoh wr dfklhyh orqj uxq frruglqdwlrq rq wkh Sduhwr grplqdqw
htxloleulxp1
Lq wkh hqylurqphqw vwxglhg/ sod|huv duh qrw rqo| erxqghgo| udwlrqdo
exw dovr wkhlu wklqnlqj dqg uhdfwlqj surfhvvhv duh yhu| glhuhqw1 Rqh sod|hu
lv gulyhq e| glvdssrlqwphqw zkloh wkh rwkhu lv gulyhq e| vkruw vljkwhg pd{0
lpl}dwlrq1 Lq wklv uhvshfw/ wkh sdshu lv wkh uvw ri lwv nlqg lq wkh h{lvwlqj
olwhudwxuh dqg ghpdqgv wkh iroorzlqj uhpdunv1 Zkhqhyhu rqh pryhv dzd|
iurp prghov ri udwlrqdolw|/ wkh gluhfwlrq lv vrphzkdw duelwudu| dowkrxjk qrw
xquhdolvwlf1 Wkdw lv dq| ehkdylru vwxglhg pxvw dgkhuh wr vrph frqvlvwhqw
wklqnlqj dqg uhdfwlqj surfhvv1 Qrqhwkhohvv/ li wkh fkrlfh ri ehkdylru lv du0
elwudu| wr wkh deryh h{whqw/ wkhuh lv qr uhdvrq wr eholhyh wkdw zkhq pdq|
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sod|huv lqwhudfw/ wkh| doo iroorz d frpprq uxoh ri wkxpe1 Pdwfklqj prg0
hov zlwk khwhurjhqrxv srsxodwlrqv lv prwlydwhg h{dfwo| e| wklv revhuydwlrq1
Vxfk prghov suhglfw rq vhyhudo rffdvlrqv wkdw khwhurjhqhlw| ri srsxodwlrq
fdq eh vxvwdlqhg lq wkh orqj uxq1 Zkloh srsxodwlrq jdphv duh lpsruwdqw/
wkhuh duh qxphurxv lqvwdqfhv zkhuh d jlyhq vhw ri sod|huv zlwk glhuhqw eh0
kdylru uxohv lqwhudfw uhshdwhgo|1 Dv dqrwkhu h{dpsoh glhuhqw iurp wkh rqh
ri lqyhvwphqw/ frqvlghu d pduulhg frxsoh1 Rq doo suredelolwlhv wkhuh duh gli0
ihuhqfhv lq shuvrqdolwlhv ehwzhhq wkh pdq dqg wkh zrpdq dqg vrph ri wkhvh
glhuhqfhv vwd| hyhq xqwlo ghdwk1 Hdfk gd| ri wkhlu olih pd| eh vxppdul}hg
e| d jdph zklfk lv sod|hg rqo| ehwzhhq wkhpvhoyhv1 Fduhixo vwxg| ri vxfk
fdvhv fdqqrw eh dyrlghg/ dqg lv wkh fhqwudo prwlydwlrq ri wklv surmhfw1 Zh
vkrz wkdw
l, iurp dq| ohyho ri lqlwldo dvsludwlrq/ wkh Sduhwr grplqdqw htxloleulxp
srlqw fdq lqghhg eh dfklhyhg dqg wkdw li wkh lqlwldo dvsludwlrq lv vx!flhqwo|
kljk/ sod|huv duh pruh olnho| wr eh deoh wr frruglqdwh rq wkh Sduhwr grplqdqw
htxloleulxp lq wkh orqj uxq/ zkloh zlwk d uhodwlyho| orz lqlwldo dvsludwlrq/ sod|
pd| frqyhujh wr wkh Sduhwr grplqdwhg htxloleulxp>
ll, ixuwkhupruh/ wkhuh duh qr rwkhu orqj uxq rxwfrphv1
Urexvwqhvv ri orqj uxq ehkdylru lv dovr vwxglhg1 Zh shuwxue wkh ghwhu0
plqlvwlf v|vwhp e| doorzlqj sod|huv wr pdnh plvwdnhv zlwk srvlwlyh sured0
elolwlhv1 Wkhuh duh wzr lqwhuhvwlqj revhuydwlrqv wr pdnh1
4, Zh qg wkdw zkhqhyhu zh doorz iru dw ohdvw wkh ehvw0uhvsrqghqw wr
wuhpeoh/ dv wkh suredelolwlhv zlwk zklfk sod|huv pdnh plvwdnhv whqg wr }hur/
wkh frpprqo| ghvluhg frruglqdwlrq lv dfklhyhg prvw ri wkh wlph lq wkh orqj
uxq li wkh vshhg ri hyroxwlrq ri dvsludwlrqv lv vx!flhqwo| idvw1
5, Vhfrqgo|/ li zh rqo| ohw wkh dvsludwlrq gulyhq sod|hu frpplw plvwdnhv
exw gr qrw doorz iru dq| wuhpeoh rq sduw ri wkh udwlrqdo sod|hu/ sod|huv
vxffhvvixoo| frqyhujh wr frruglqdwh5 prvw ri wkh wlph lqghshqghqw ri wkh
5Wkh whup frruglqdwlrq zloo riwhq eh xvhg wr phdq frruglqdwlrq rq wkh Sduhwr grp0
lqdqw htxloleulxp srlqw1
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vshhg ri hyroxwlrq ri dvsludwlrqv1
Wkhvh duh lq vkdus frqwudvw zlwk wkh uhvxow lq Ndudqglndu hw do1/ zkhuh
vx!flhqwo| vorz hyroxwlrq ri dvsludwlrqv lv qhfhvvdu| wr rewdlq frruglqdwlrq1
Wkh lqwxlwlrq ehklqg wklv glhuhqfh lq wkh frqfoxvlrqv ehwzhhq wkh wzr prg0
hov lv urxjko| dv iroorzv1 Lq rxu fdvh/ dq| h{shulhqfh ri kljk sd|rv lqfuhdvhv
dvsludwlrqv udslgo|1 Wkhuhiruh/ dq| vxevhtxhqw h{shulhqfh zlwk d orz sd|0
r glvdssrlqwv wkh dvsludwlrq gulyhq sod|hu wr d juhdwhu h{whqw1 Wkxv/ hyhu|
wlph wkh sod|huv hqwhu d sod| ri wkh Sduhwr grplqdwhg htxloleulxp srlqw iurp
dq| rwkhu rxwfrph wkdw jlyhv d uhodwlyho| kljk sd|r wr wkh dvslulqj sod|hu/
kh h{shulhqfhv d yhu| kljk ghjuhh ri glvdssrlqwphqw dqg lv wkhuhiruh pruh
olnho| wr h{shulphqw zlwk wkh Sduhwr grplqdqw dfwlrq1 Wklv pdnhv wkh ud0
wlrqdo sod|hu gr wkh vdph lq rughu wr pd{lpl}h khu h{shfwhg sd|r iurp wkh
iroorzlqj urxqg ri sod|1 Fohduo|/ wklv hqkdqfhv wkh srvvlelolw| ri dfklhylqj d
yhu| kljk ghjuhh ri frruglqdwlrq1 Rq wkh rwkhu kdqg/ zkhq erwk sod|huv duh
dvsludwlrq gulyhq/ lq dq| rxwfrph zklfk lv qrw d vwudwhjlf htxloleulxp srlqw/
zkhqhyhu rqh sod|hu uhfhlyhv d kljk sd|r/ wkh rwkhu uhfhlyhv d orz rqh1
Wkhuhiruh/ li zh zdqw wr dfklhyh d kljk ghjuhh ri frruglqdwlrq/ zh qhhg wkh
vshhg ri dvsludwlrqv wr eh vx!flhqwo| vorz vr wkdw zkhq lq wkh vxevhtxhqw
shulrg wkh| hqwhu wkh Sduhwr grplqdwhg htxloleulxp/ erwk sod|huv h{shul0
hqfh d kljk ghjuhh ri glvdssrlqwphqw dqg wkhuhiruh suhihu h{shulphqwlqj
zlwk wkh Sduhwr grplqdqw dfwlrq1
Wkh uhvw ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 irupdoo| gh0
vfulehv wkh hqylurqphqw dqg vshflhv wkh ehkdylru uxohv zklfk rxu sod|huv
duh dvvxphg wr iroorz1 Vhfwlrq 6 ghdov zlwk wkh hyroxwlrq ri wkh vwdwhv ri wkh
jdph1 Vhfwlrq 7 vwxglhv urexvwqhvv ri orqj uxq ehkdylru1 Ilqdoo| wkh sdshu
frqfoxghv lq vhfwlrq 81
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5 Wkh Prgho
Frqvlghu wkh iroorzlqj qrupdo irup jdph >
sod|hu 5
F G
sod|hu 4 F >  3> 
G > 3 > 
zkhuh  A  A  A 31  lv d jdph ri Frpprq Lqwhuhvw dqg wkhuh duh
wzr sxuh vwudwhj| htxloleulxp srlqwv +yl}1 +F>F, dqg +G>G, , zlwk +F>F,
Sduhwr grplqdwlqj hyhu| rwkhu rxwfrph1
 lv lqqlwho| uhshdwhg ehwzhhq sod|huv 4 dqg 51 Sod|hu 4 lv dvsludwlrq
gulyhq zkloh sod|hu 5 lv d p|rslf ehvw0uhvsrqghqw1 Sod|hu 4*v vwdwh dw shulrg
w lv jlyhq e| klv dfwlrq D| lq iF>Gj/ dqg klv dvsludwlrq ohyho | lq ^3> `1
Zh gr qrw doorz dvsludwlrqv wr olh rxwvlgh wkh frqyh{ kxoo ri srvvleoh sd|rv
ri 1 Wklv lv pruh uhdvrqdeoh dowkrxjk doorzlqj dvsludwlrqv wr olh rxwvlgh
^3> ` lv qrw orjlfdoo| lpsrvvleoh16 Sod|hu 5*v vwdwh dw shulrg w lv jlyhq vroho|
e| khu dfwlrq E| 5 iF>Gj1 Ohw H @ iF>Gj
2
 ^3> ` eh uhihuuhg wr dv wkh
vwdwh vsdfh ri / dqg ghqrwh e| h @ +D>E>, lq H dv d vwdwh ri 1 Ohw
x
|
= iF>Gj
2
$ i3> > > j eh wkh shulrg w sd|r ixqfwlrq iru sod|hu l @ 4> 5/
dv ghqhg e| wkh deryh sd|r pdwul{1
514 Ehkdylru Uxohv
Sod|hu 4 kdv d sd|r dvsludwlrq zlwk zklfk kh ehjlqv sod|lqj wkh jdph1 Li
dq dfwlrq |lhogv dw ohdvw klv dvsludwlrq/ kh nhhsv sod|lqj wkh vdph dfwlrq1 Li
krzhyhu dq dfwlrq glvdssrlqwv klp zlwk d orzhu sd|r/ kh h{shulphqwv zlwk
rwkhu dydlodeoh dfwlrqv1 Irupdoo|/ sod|hu 4 ehkdyhv lq wkh iroorzlqj zd|=
li x
|
 |> wkhq D|n @ D|
li x
|
? |> wkhq D|n 9@ D| zlwk suredelolw| +4 s, /
zkhuh s 5 +3> 4, lqglfdwhv wkh lqhuwld ri wkh suhylrxv ghflvlrq1 Zh dvvxph
s+, wr eh vwulfwo| ghfuhdvlqj lq wkh h{whqw ri glvdssrlqwphqw/ zklfk htxdov
6Ndudqglndu hw do1 vwxglhv wkh fdvh zkhuh dvsludwlrqv olh lq U1
:
wkh vljqhg glhuhqfh ehwzhhq klv dvsludwlrq dqg klv sd|r h{shulhqfh/ |
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+D=f, Glvdssrlqwphqw Gulyhq= s lv frqwlqxrxv dqg wkhuh h{lvwv N qlwh
vxfk wkdw iru doo { srvlwlyh/ zh kdyh 4 s+{, ? N{/ zlwk s+{,  31
+D=d, vd|v wkdw li sod|hu 4 lv vdwlvhg zlwk klv fxuuhqw dfwlrq/ kh sod|v wkh
fxuuhqw dfwlrq lq wkh vxevhtxhqw shulrg zlwk suredelolw| 4> +D=e, vd|v wkdw li
glvdssrlqwhg zlwk d sduwlfxodu dfwlrq/ kh qhyhu uxohv rxw wkh glvdssrlqwlqj
dfwlrq iurp klv fkrlfh vhw> dqg +D=f, lpsolhv wkdw qr pdwwhu krz glvdssrlqwhg
kh lv/ kh olplwv klv h{shulphqwv zlwk qhz dfwlrqv dowkrxjk klv whqghqf| wr
h{shulphqw zlwk qhz dfwlrqv lqfuhdvhv zlwk wkh glvdssrlqwphqw1
Hyroxwlrq ri dvsludwlrqv iroorzv d vlpsoh zhljkwhg dyhudjh uxoh ryhu wkh
dvsludwlrq ohyho dqg wkh sd|r h{shulhqfh dw wkh suhylrxv sod|1 Lq sduwlfxodu/
|n @ | . +4 ,x

|
/ +4,
zkhuh  lq +3> 4, lv d sdudphwhu wkdw phdvxuhv wkh ghjuhh ri shuvlvwhqfh
ri dvsludwlrqv1 Iru  forvh wr 4 +wkh fdvh iru vorz xsgdwlqj,/ wkh fxuuhqw
dvsludwlrq lv qrw yhu| vhqvlwlyh wr sdvw sd|r h{shulhqfhv/ zlwk  @ 4 ehlqj
wkh fdvh zkhq wkh dvsludwlrq lv vwdwlf1 Rq wkh rwkhu kdqg/ iru  forvh wr 3 +wkh
fdvh iru idvw xsgdwlqj,/ wkh fxuuhqw dvsludwlrq iroorzv wkh sd|r h{shulhqfh
yhu| forvho|/ zlwk  @ 3 ehlqj wkh fdvh zkhq wkh dvsludwlrq h{dfwo| htxdov
wkh suhylrxv sd|r h{shulhqfh1
Sod|hu 5 lv d p|rslf rswlpl}hu1 Vkh7 lv dvvxphg wr nqrz wkh ehkdylru uxoh
ri sod|hu 4/ dqg ehjlqv e| suhglfwlqj wkh fxuuhqw dfwlrq ri khu rssrqhqw lq
rughu wr sod| d vkruw0vljkwhg ehvw uhvsrqvh wr lw wkdw pd{lpl}hv khu fxuuhqw
sd|r1 Ohw t| lq ^3> 4` eh wkh suredelolw| dvvljqhg e| sod|hu 5 wr wkh hyhqw
7Wkh xvh ri jhqghu lv duelwudu|1
;
wkdw sod|hu 4 fkrrvhv wr sod| F dw shulrg w1 Ohw }| eh wkh suredelolw| zlwk
zklfk sod|hu 5 sod|v F dw shulrg w1 W|slfdoo|/ }| zloo ghshqg rq t|/ jlyhq
wkh ydoxh ri s +, dv hydoxdwhg dw shulrg w1 Zh uxoh rxw wkh xvh ri pl{hg
vwudwhjlhv e| sod|hu 5 dqg wdnh }| wr eh lq i3> 4j1 Wklv zloo qrw dhfw rxu
uhvxowv lq jhqhudo dqg zh zloo zrun zlwk d vlpsoli|lqj ehkdylrudo dvvxpswlrq
wkdw zkhqhyhu sod|hu 5 lv lqglhuhqw ehwzhhq khu dydlodeoh dfwlrqv/ vkh nhhsv
sod|lqj khu rqjrlqj dfwlrq zlwk suredelolw| rqh1
Lq wkh iroorzlqj vhfwlrq/ zh zloo vwxg| wkh vwrfkdvwlf surfhvv jhqhudwhg
e| wkh ehkdylru uxohv ri sod|huv ryhu wkh vwdwh vsdfh H/ dqg frqfhqwudwh rq
wkh h{lvwhqfh dqg fkdudfwhulvwlfv ri vwdwlrqdu| vwdwhv1
6 Hyroxwlrq ri dfwlylw| dqg orqj uxq dqdo|vlv
Wkh ehkdylru uxohv ri wkh wzr sod|huv lqgxfh vwdwh ghshqghqw suredelolwlhv
rq wkh vwdwh vsdfh H1 Ohw S +h|n m hf> ===> h|, eh wkh suredelolw| ri ehlqj
lq vwdwh h|n lq H dw shulrg w . 4/ jlyhq wkdw lq sdvw shulrgv wkh uhdol}hg
vwdwhv zhuh hf> ===> h|1 Vlqfh S +h|n m hf> ===> h|, @ S +h|n m h|,/ zh fdq ghqh
d Pdunry surfhvv ryhu wkh vwdwh vsdfh H ri 1 Zh fdoo wklv surfhvv P+,1
Dv xvxdo/ d orqj uxq rxwfrph ri  zloo eh ghqhg dv dq lqqlwh vhtxhqfh ri
vwdwhv lq H zklfk rffxu rqfh w whqgv wr 41
Lq wkh iroorzlqj wkhruhp zh vkrz wkdw uhshdwhg sod| ri wkh htxloleulxp
srlqwv ri  duh wkh rqo| wzr orqj uxq rxwfrphv1
Wkhruhp 4 +F>F> , dqg +G>G> , duh wkh rqo| wzr vwdwlrqdu| vwdwhv ri
wkh Pdunry surfhvv P+, dqg lqqlwh frqvwdqw vhtxhqfhv ri hlwkhu +F>F, ru
+G>G, duh wkh rqo| wzr orqj uxq rxwfrphv ri 1
Wkh surri zloo lqyroyh wkh iroorzlqj irxu ohppdv1 Wkh surri ri wkh wkh0
ruhp dorqj zlwk wkrvh ri wkh ohppdv duh wr eh irxqg lq wkh dsshqgl{1
<
Ohppd 5 +l, +F>F> ^3> `, lv dq hujrglf vhw ri P+, dqg +F>F> , lv d
vwdwlrqdu| vwdwh1 +ll, +G>G> ^3> `, lv dq hujrglf vhw ri P+, dqg +G>G> ,
lv d vwdwlrqdu| vwdwh1
Ghqrwh e| A
|
+D>E, dv wkh suredelolw| ri d W 0 shulrg uxq rq wkh dfwlrq
sdlu +D>E, vwduwlqj dw shulrg w dqg hqglqj dw shulrg w. W  41
Ohppd 6 +l, Dvvxph wkdw dw vrph shulrg w  3 zh kdyh +D|> E|, @ +G>F,1
Wkhq/ iru dq| | lq ^3> `/ zh kdyh
olp
A<"
A
|
+G>F, @ 31
+ll, Dvvxph wkdw dw vrph shulrg w  3 zh kdyh +D|> E|, @ +F>G,1 Wkhq/
iru dq| | lq ^3> `/ zh kdyh
olp
A<"
A
|
+F>G, @ 31
Ohppd 7 Wkhuh h{lvwv dq % A 3 vxfk wkdw iru dq| shulrg w  3 zlwk | lq
^3>  . %` dqg +D|> E|, @ +G>G,/ zh kdyh
olp
A<"
A
|
+G>G, A 31
Iru dq| wzr vxevhwv H>H2 ri wkh vwdwh vsdfh H/ ghqrwh e| 
A
| +H :$ H2,
dv wkh suredelolw| wkdw iurp dq| vwdwh h lq H dw wlph w A 3/ wkh surfhvv
pryhv iru wkh uvw wlph wr d vwdwh h lq H2 dw wlph W A w1
Ohppd 8 Iru dq| shulrg w  3/ zh kdyh
olp
A<"
A
|
++F>G> ^3> `, ^ +G>F> ^3> `, :$ i+F>F> , > +G>G> ,j, @ 41
Wkh lqwxlwlrq ehklqg Wkhruhp 4 lv dv iroorzv1 Iurp ohppd 5 zh vhh wkdw
iru dq| rqjrlqj ydoxh ri wkh dvsludwlrq/ rqfh zh hqwhu d vwdwh zkhuh erwk
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sod|huv sod| F/ sod|huv jhw vwxfn lq d uhshdwhg sod| ri F dqg ryhu wlph wkh
dvsludwlrq ri sod|hu 4 pryhv xs xqwlo lw frqyhujhv wr / wkh rqjrlqj sd|r
h{shulhqfh1 Zh wkhuhiruh frqyhujh wr +F>F> , zklfk lv d vwdwlrqdu| vwdwh ri
P+,1 Wklv lv ehfdxvh vwduwlqj iurp dq| lqlwldo dvsludwlrq wkdw lv dw prvw
 e| dvvxpswlrq dqg jhwwlqj d sd|r pruh wkdq wklv dvsludwlrq pdnhv wkh
dvsludwlrq gulyhq sod|hu vwlfn wr klv vwudwhj| ri F1 Dowkrxjk klv dvsludwlrq
hyroyhv xszdugv/ vlqfh  5 +3> 4,/ lw fdqqrw h{fhhg  dw dq| shulrg/ dqg
wkhuhiruh kh qhyhu jhwv glvdssrlqwhg e| sod|lqj F1 Wkh ehvw uhvsrqvh ri
sod|hu 5 uhpdlqv {hg dw F1
Lw pd| eh ri lqwhuhvw wr srlqw rxw khuh wkdw zkhq erwk sod|huv duh dvslud0
wlrq gulyhq/ ohppd 4 uhpdlqv wuxh1 Krzhyhu lq wkdw fdvh lw fdq eh vkrzq wkdw
dq| vwdwh zkhuh wkh fxuuhqw sd|rv htxdo fxuuhqw dvsludwlrqv lv d vwdwlrqdu|
vwdwh1 Wkhuhiruh lw iroorzv wkdw doo dfwlrq surohv duh srwhqwldo vwdwlrqdu|
vwdwhv1 Lq rxu hqylurqphqw wklv lv qrw wuxh1 Wr vhh wklv/ zh gr qrw qhhg wkh
wkhruhp dv lw iroorzv wulyldoo| iurp wkh iroorzlqj revhuydwlrq1 Lq dq| qrupdo
irup jdph vxfk wkdw iru dq| qrq0htxloleulxp rxwfrph/ hyhu| sod|hu kdv dq
lqfhqwlyh wr ghyldwh +qrwlfh wkdw  vdwlvhv wklv surshuw|,/ qrq0htxloleulxp
rxwfrphv fohduo| fdqqrw eh vwdwlrqdu| vwdwhv lq wkh suhvhqfh ri dq rswlpl}hu1
Krzhyhu/ lq jhqhudo lw lv qrw wuxh wkdw hyhu| vwdwlrqdu| vwdwh lv dq htxlole0
ulxp srlqw1 Iru h{dpsoh/ frqvlghu d jdph zlwk dq rxwfrph iurp zkhuh rqo|
wkh dvslulqj sod|hu kdv dq lqfhqwlyh wr ghyldwh1 Lw pd| zhoo eh wkh fdvh wkdw
lq d shulrg vxfk dq rxwfrph lv revhuyhg/ wkh sd|r dvsludwlrq lv vdwlvhg1
Wkhq wklv rxwfrph/ zklfk lv qrw dq htxloleulxp srlqw e| frqvwuxfwlrq/ lv
lqghhg d vwdwlrqdu| vwdwh1 Qhyhuwkhohvv/ zkdw lv wuxh lq rxu prgho lv wkdw
hyhu| htxloleulxp srlqw lv lqghhg d vwdwlrqdu| vwdwh1 Li wklv zdv hqrxjk/ zh
frxog gr dzd| zlwk ohppdv 6/ 7/ dqg 81 Exw krz gr zh nqrz wkdw sod|
frqyhujhv lq wkh orqj uxq wr rqh ri wkhvh vwdwlrqdu| vwdwhv dqg wkdw wkhuh
duh qr rwkhu irupv ri orqj uxq rxwfrphv +vxfk dv olplw f|fohv,B Wkh odvw
wkuhh ohppdv khos xv suryh wkdw frqvwdqw vhtxhqfhv h{klelwlqj sod| ri hlwkhu
+F>F, ru +G>G, duh wkh rqo| wzr orqj uxq rxwfrphv1
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Zh ehjlq zlwk ohppd 61 Vxssrvh sod| ehjlqv zlwk sod|hu 4 sod|lqj G
dqg sod|hu 5 sod|lqj F1 Li sod|hu 5 nqrzv wkdw d sd|r ri  vdwlvhv sod|hu 4
+wkdw lv  ? ,/ vkh lv vxuh wkdw lq wkh vxevhtxhqw shulrg/ sod|hu 4 zloo nhhs
sod|lqj G1 Lq wkdw fdvh/ sod|hu 5 sod|v G zlwk suredelolw| 4 dqg zh pryh
wr wkh dfwlrq sdlu +G>G,1 Lq wkh fdvh sod|hu 5 nqrzv wkdw sod|hu 4 zloo eh
glvdssrlqwhg zlwk wkh sd|r ri  +wkdw lv  A  ,/ vkh lv qrw vxuh dv wr zkdw
zloo eh wkh vxevhtxhqw dfwlrq ri sod|hu 41 Vlqfh sod|hu 5 lv dq h{shfwhg sd|r
pd{lpl}hu/ vkh dwwdfkhv vxemhfwlyh suredelolwlhv wr wkh vxevhtxhqw dfwlrqv
ri sod|hu 4 dqg sod|v d ehvw uhvsrqvh wr khu suhglfwlrq1 Ixuwkhupruh/ vlqfh
wkh glvdssrlqwphqw ri sod|hu 4 ghfuhdvhv ryhu wlph dv kh nhhsv h{shulhqflqj
sd|rv htxdo wr / wkh suredelolw| wkdw sod|hu 4 zloo vzlwfk dqg sod| F
ghfuhdvhv wr d ydoxh vxfk wkdw lw ehfrphv rswlpdo iru sod|hu 5 wr sod| G
zlwk suredelolw| 4/ dqg zh pryh rxw ri +G>F,1 Vlploduo|/ zkhq sod| ehjlqv
lq +F>G,/ iru dq| ohyho ri dvsludwlrq/ sod|hu 4 lv glvdssrlqwhg h{fhsw lq wkh
fdvh lq zklfk klv dvsludwlrq lv }hur1 Zkhq wklv lv wkh fdvh/ sod|hu 5 nqrzv
wkdw sod|hu 4 zloo nhhs sod|lqj F dqg wkhuhiruh ghyldwhv zlwk suredelolw| 4
wr sod| F dqg zh duh lpphgldwho| rxw ri +F>G,1 Li qrw/ sod|hu 4 h{shulphqwv
zlwk doo klv dydlodeoh dfwlrqv1 Lq wklv h{shulphqw/ dv orqj dv kh dwwdfkhv d
yhu| kljk suredelolw| +wkh fdvh zkhq kh lv h{wuhpho| glvdssrlqwhg zlwk klv
fxuuhqw dfwlrq F, ri sod|lqj G/ lw uhpdlqv rswlpdo iru sod|hu 5 lq h{shfwhg
whupv wr nhhs sod|lqj G1 Krzhyhu/ uhshdwhg h{shulhqfh ri d }hur sd|r
+wkh rqo| lqwhuhvwlqj fdvh khuh, dovr uhgxfhv dvsludwlrqv gudvwlfdoo|1 Wklv
lpsolhv wkdw d wlph frphv zkhq wkh suredelolw| zlwk zklfk sod|hu 4 sod|v
F lv vx!flhqwo| kljk iru sod|hu 5 wr ghyldwh dqg sod| F zlwk suredelolw| 41
Wkxv/ ohppd 6 jxdudqwhhv wkdw li wkh rqjrlqj dfwlrq sdlu lv hlwkhu +F>G,
ru +G>F,/ zh hyhqwxdoo| pryh rxw1 Wklv krzhyhu grhv qrw lpso| wkdw +F>G,
dqg +G>F, fdqqrw eh revhuyhg lq dq| orqj uxq rxwfrph ehfdxvh wkhuh vwloo
uhpdlqv wkh srvvlelolw| ri uhwxuqlqj wr sod| ri +G>F, ru +F>G, lqqlwho|
riwhq1 Lw rqo| hvwdeolvkhv wkh qrq0hujrglflw| ri wkh vhwv +G>F> ^3> `, dqg
+F>G> ^3> `,1
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Zh zrxog olnh wr kdyh d vlplodu uhvxow iru wkh vlwxdwlrq zkhuh erwk sod|0
huv sod| G1 Krzhyhu/ ohppd 7 jxdudqwhhv wkdw erwk sod|huv sod|lqj +G>G,
iruhyhu kdv d srvlwlyh suredelolw| ri rffxuuhqfh li dvsludwlrqv duh vx!flhqwo|
orz dw wkh wlph +G>G, lv revhuyhg iru wkh uvw wlph/ exw vxusulvlqjo| qrw
qhfhvvdulo| orzhu wkdq 1 Vlqfh lqqlwh uhshwlwlrqv ri +G>G, eulqj wkh dvsl0
udwlrq forvhu dqg forvhu wr / zh hyhqwxdoo| frqyhujh wr wkh vwdwlrqdu| vwdwh
+G>G> ,1 Wr vhh wklv revhuyh wkdw zkhq wkh lqlwldo dfwlrq suroh lv +G>G,/
li wkh dvsludwlrq lv vx!flhqwo| orz/ sod|hu 4 dwwdfkhv rqo| d vpdoo suredelolw|
ri vzlwfklqj wr F dv d orz dvsludwlrq lpsolhv d orz glvdssrlqwphqw1 Ixu0
wkhupruh/ vlqfh wkh lqhuwld zlwk zklfk sod|hu 4 nhhsv sod|lqj G lv erxqghg
dzd| iurp }hur dqg wkh ghjuhh ri h{shulphqwdwlrq lv erxqghg iurp deryh/
wkh udwh dw zklfk wkh suredelolw| ri sod|lqj F gursv lv idvw hqrxjk1 Wklv
lpsolhv wkdw zh qhhg rqo| d ihz uhshwlwlrqv ri +G>G, iru sod|hu 4 wr vwduw
sod|lqj G zlwk qhdu fhuwdlqw|1 Dv lq doo vxfk fdvhv/ lw uhpdlqv rswlpdo iru
sod|hu 5 wr nhhs sod|lqj G dq|zd|/ wkh uhvxow iroorzv1
Iurp ohppdv 5/ 6/ dqg 7 zh frqfoxgh wkdw wkh Pdunry surfhvv P+,
kdv wkh iroorzlqj surshuwlhv=
+l, wkhuh duh wzr hujrglf vhwv/ +F>F> ^3> `, dqg +G>G> ^3> `,>
+ll, li  lv lq
k
3>  . s3

q3w
qnB3w
l
/ wkhq wkh suredelolw| ri dq lqqlwh
uxq rq wkh dfwlrq suroh +G>G, lv srvlwlyh> dqg
+lll, iru dq|  lq ^3> `/ lqqlwh uxqv rq dfwlrq surohv +G>F, ru +F>G,
lv lpsrvvleoh1
Surshuwlhv +l,/ +ll,/ dqg +lll, krzhyhu gr qrw jxdudqwhh wkdw vwdwhv zkhuh
wkh dfwlrq sdluv duh hlwkhu +G>F, ru +F>G, fdqqrw rffxu lqqlwho| riwhq
dqg zh zrxog olnh wr uxoh rxw wkh fdvhv zkhuh wklv kdsshqv1 Lq wklv vslulw/
ohppd 8 lv qhhghg wr jxdudqwhh wkdw wkh wzr vwdwlrqdu| vwdwhv +F>F> , dqg
+G>G> , duh dovr wkh rqo| wzr joredo dwwudfwruv ri P+,1 Qrwlfh wkdw dv
+F>F> ^3> `, dqg +G>G> ^3> `, duh hujrglf vhwv/ li wkhuh lv dq| orqj uxq sod|
zklfk grhv qrw lqfoxgh sod| ri +F>F, dqg +G>G,> wkhq dovr +G>F, fdqqrw
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eh lqfoxghg dv rwkhuzlvh +F>F, pxvw eh jlyhq d srvlwlyh suredelolw| ri rf0
fxuuhqfh1 Exw vlqfh zh duh douhdg| lq wkh orqj uxq/ grlqj wklv zrxog pdnh xv
hqwhu +F>F> ^3> `, zlwk suredelolw| rqh1 Wklv revhuydwlrq lv yhu| khosixo dv
lw lpsolhv wkdw wkh rqo| uhpdlqlqj srvvlelolwlhv duh lqqlwh vhtxhqfhv ri sod|
 xfwxdwlqj ehwzhhq +F>G, dqg +G>G,1 Krzhyhu/ vxfk  xfwxdwlrqv fdqqrw
jr rq iruhyhu dv vrrqhu ru odwhu dvsludwlrqv gurs wrzdugv  dqg zh hqwhu d
sod| ri +G>G, zlwk   1
614 Zkhq sod|hu 5 lv iruzdug orrnlqj
Lw pd| eh lqwxlwlyho| hdv| wr vhh wkdw li sod|hu 5 lv iruzdug orrnlqj dqg
sdwlhqw/ wkhq vkh fdq dozd|v lqgxfh wkh dvsludwlrq ri sod|hu 4 lq d zd| wkdw
kh vwduwv sod|lqj F dqg wkdw grlqj vr lv dfwxdoo| ehwwhu iru sod|hu 51 Wkxv
li sod|hu 5 lv vx!flhqwo| sdwlhqw/ zh fdq holplqdwh wkh edg hujrglf vhw
+G>G> ^3> `,1 Dv dq h{dpsoh/ vxssrvh zh duh lq wkh vhw +G>G> ^3> `,1 Li
sod|hu 5 lv iruzdug orrnlqj dqg vx!flhqwo| sdwlhqw/ vkh uhdol}hv wkdw li vkh
fdq pdqdjh wr lqfuhdvh wkh dvsludwlrq deryh / sod|hu 4 zloo hyhqwxdoo| vwduw
h{shulphqwlqj zlwk dfwlrq F1 Vlqfh vkh nqrzv wkdw sod|hu 4 zloo qhyhu sod|
F dv orqj dv klv dvsludwlrq lv ehorz / vkh vwduwv sod|lqj F khuvhoi1 Zlwk
suredelolw| rqh/ wklv |lhogv khu d sd|r ri }hur dqg d sd|r ri  wr sod|hu 41
Vkh nqrzv wkdw uhshdwhg h{shulhqfh ri  hyhqwxdoo| eulqjv dvsludwlrqv deryh
1 Zkhq wklv kdsshqv/ vkh pljkw dv zhoo sod| G dqg glvdssrlqw sod|hu 4/
wkhuhe| lqgxflqj klp wr sod| F zlwk d srvlwlyh suredelolw|1 Zloo sod|hu 5
dfwxdoo| gr wklvB \hv/ li vkh lv iruzdug orrnlqj dqg vx!flhqwo| sdwlhqw dqg
 lv vx!flhqwo| kljk uhodwlyh wr / ehfdxvh wkhq khu h{shfwhg glvfrxqwhg
olihwlph sd|r lv kljkhu wkdq jhwwlqj  iruhyhu1
7 Urexvwqhvv ri Orqj Uxq Rxwfrphv
Wkh vwrfkdvwlf surfhvv vwxglhg lq vhfwlrq 6 frqyhujhv lq wkh orqj uxq wr sod|
ri hlwkhu +F>F, iruhyhu ru +G>G, iruhyhu1 Rqh pd| vxvshfw wkdw wkhvh orqj
uxq rxwfrphv pd| qrw eh urexvw wr hlwkhu shuwxuedwlrqv ri wkh surfhvv ru
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wr dowhuqdwlyh vshflfdwlrqv1 Ixuwkhupruh/ dowkrxjk  lv sd|r v|pphwulf
ehwzhhq sod|huv/ vlqfh wkh ehkdylru uxohv xvhg e| wkh sod|huv duh glhuhqw/
urexvwqhvv ri wkhvh orqj uxq rxwfrphv pd| ghshqg fuxfldoo| xsrq wkh vrxufhv
ri vxfk shuwxuedwlrqv1
714 Wuhpeolqj Udwlrqdolw|
Dvvxph doo wkh k|srwkhvhv ri vhfwlrq 5 dqg vxssrvh wkdw dw hdfk shulrg sod|hu
5 wdnhv dfwlrqv dffruglqj wr khu ehvw uhvsrqvh ixqfwlrq zlwk suredelolw|
+4  ,/ zkloh zlwk suredelolw|  vkh frpplwv d plvwdnh dqg fkrrvhv wkh
qrq0rswlpdo dfwlrq1 Wklv vshflfdwlrq wuhpeohv wkh vwrfkdvwlf surfhvv wr
zkdw zh fdoo P#+,1 Vlqfh wkh vwdwh vsdfh H lv frpsdfw/ e| wkhruhp 491517
lq Ph|q dqg Wzhhglh +4<<6,/ iru hyhu|  A 3/ wkh wuhpeohg surfhvv P#+,
frqyhujhv vwurqjo| wr d xqltxh olplw glvwulexwlrq i#/ luuhvshfwlyh ri wkh lqlwldo
vwdwh1 Wkxv/ lqwurgxfwlrq ri plvwdnhv jxdudqwhhv d xqltxh suredelolvwlf orqj
uxq rxwfrph1 Zh zloo w|slfdoo| eh lqwhuhvwhg lq vxfk olplw glvwulexwlrqv
zkhq wkh suredelolw| ri plvwdnhv lv forvh wr }hur +l1h1  $ 3,1 Wr gr wklv/
zh xvh wkh iroorzlqj wulfn18 Ohw xv ghqrwh e| T# dv wkh rqh0vwhs wudqvlwlrq
suredelolw| ri wkh vwrfkdvwlf surfhvv frqglwlrqdo rq wkh idfw wkdw wkh udwlrqdo
sod|hu wuhpeohv zlwk suredelolw|  A 3/ dqg ohw S" ghqrwh wkh lqqlwh0vwhs
wudqvlwlrq uxoh lq wkh ghwhuplqlvwlf surfhvv P+,1 Ohw T# S" ghqrwh wkh
frpsrvlwlrq ri T# dqg S"1 Wkh surfhvv olp
#<f
T# S" lv wkhq htxlydohqw wr
olp
#<f
P#+,/ exw vxemhfwlqj wkh udwlrqdo sod|hu wr wuhpeoh rqo| rqfh/ iroorzhg
e| wkh xqwuhpeohg surfhvv wkhuhdiwhu1 Wklv lq lwvhoi fdswxuhv wkh lghd ri wkh
wuhpeolqj suredelolw| ehlqj forvh wr }hur1 Wkh iroorzlqj sursrvlwlrq zloo eh
khosixo1
Sursrvlwlrq 9 Wkh qhw ii#j
#
frqyhujhv zhdno| wr d glvwulexwlrq i rq H
dv  $ 3 dqg lv wkh xqltxh lqyduldqw glvwulexwlrq ri wkh surfhvv T#S"1
Surri1 Dssolfdwlrq ri sursrvlwlrq 6/ sursrvlwlrq 7 dqg wkhruhp 5 lq
Ndudqglndu hw do11
8
Vhh Ndudqglndu hw do1 iru d vlplodu xvh1
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Vlqfh iurp vhfwlrq 6 zh nqrz wkdw wkh xqwuhpeohg surfhvv frqyhujhv wr
hlwkhu +G>G> , ru +F>F> ,/ lw iroorzv wkdw wkh lqyduldqw glvwulexwlrq i ri wkh
surfhvv T#S" pxvw eh frqfhqwudwhg durxqg wkhvh wzr vwdwhv dv zhoo1 Zkdw
suredelolw| zhljkwv zloo i dwwdfk wr wkhvh vwdwhvB Lq wkh iroorzlqj wkhruhp/
zh vkrz wkdw wkh wzr sod|huv duh deoh wr frruglqdwh wkhlu dfwlrqv dqg dfklhyh
sod| ri wkh Sduhwr grplqdqw htxloleulxp srlqw prvw ri wkh wlph lq wkh orqj
uxq li wkh dvsludwlrq iroorzv wkh sdwk ri sd|r h{shulhqfhv vx!flhqwo| forvho|/
lpso|lqj d uhodwlyho| idvw hyroxwlrq ri dvsludwlrqv1
Wkhruhp : Ohw i+F>F> , eh wkh suredelolw| zhljkw dvvljqhg rq wkh vwdwh
+F>F> , e| wkh xqltxh lqyduldqw glvwulexwlrq i ri wkh surfhvv T#  S" iru
 $ 31 Wkhq/ i+F>F> , @ 4 li  olhv lq wkh lqwhuydo
#
3> 4
R3

q3w
qnB3w

w3B
$
1
Surri1 Ghqrwh A| ++D>E>, :$ +D
> E> ,, wr eh wkh suredelolw| wkdw
wkh v|vwhp vwduwv dw shulrg w lq vrph vwdwh +D>E>, lq H dqg wudqvlwv dw
shulrg W A w . 4 wr vrph rwkhu vwdwh +D>E> ,/ zkhq wkh udwlrqdo sod|hu
frpplwv d plvwdnh rqo| rqfh dw shulrg w . 4 zlwk suredelolw| 1 Vlqfh e|
wkhruhp 4/ +F>F> , dqg +G>G> , duh wkh rqo| wzr vwdwlrqdu| vwdwhv ri wkh
xqwuhpeohg surfhvv S"/ lw vx!fhv wr vkrz wkdw

"
| ++G>G> , :$ +F>F> ,, A 
"
| ++F>F> , :$ +G>G> ,, =
Wdnh dq| shulrg w A 3 vxfk wkdw +D|> E|> |, @ +G>G> ,1 Wkhq/ D|n @ G
dqg }|n @  A 3 e| frqvwuxfwlrq1 Ohw E|n @ F1 Vlqfh  A / zh kdyh
|n  x

|n ? 3/ lpso|lqj wkdw D|n2 @ G dqg }|n2 @ 31 Vlqfh wklv ixuwkhu
lpsolhv wkdw +D|n2>E|n2, @ +G>G,/ zh kdyh
|n2 @  . +4 ,  A / iru doo  lq +3> 4, 1
Vxssrvh  ? 4 
R3

q3w
qnB3w

w3B
1 Wkhq/ lqyrnlqj wkh surri ri ohppd 7/ lw
fdq eh vkrzq wkdw |n2 olhv rxwvlgh wkh lqwhuydo
k
3>  . s3

q3w
qnB3w
l
dqg
wkhuhiruh/ olp
A<"
A|n+G>G, @ 31 Wkhuhiruh/ wkh lqwhuhvwlqj fdvh lv zkhq
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+D|n>E|n, lv lq wkh vhw i+F>F,> +G>F,j1 Li +D|n>E|n, @ +F>F,/ e|
ohppd 5/ zh kdyh +D|nn?> E|nn?, @ +F>F, iru hyhu| q  41 Rq wkh rwkhu
kdqg/ li +D|n>E|n, @ +G>F,/ zh kdyh |n A |n1 Iroorzlqj wkh deryh
uhdvrqlqj/ wkh rqo| lqwhuhvwlqj fdvh lv zkhq +D|ne> E|ne, lv rqfh djdlq lq wkh
vhw i+F>F,> +G>F,j1 Zh fdq qrz dsso| ohppd 6 dqg fodlp 6 ri ohppd 8 wr
vkrz wkdw
"| ++G>G> , :$ +F>F> ,, @ 1
Zkdw uhpdlqv wr eh vkrzq lv wkdw "| ++F>F> , :$ +G>G> ,, ? 1 Ohw
xv fkrrvh dq| shulrg w vxfk wkdw +D|>E|> |, @ +F>F> ,1 Wkhq/ D|n @ F
zkloh }|n @ 4   A 3 e| frqvwuxfwlrq1 Ohw xv dvvxph wkdw E|n @ G1
Vlqfh  A 3/ zh kdyh |n  x

|n A 3 dqg D|n2 @ F zlwk suredelo0
lw| s+, zkloh D|n2 @ G zlwk suredelolw| 4  s+,1 Vxssrvh s+, A
B
qnB3w
1 Wkhq/ Su++D|n2>E|n2, @ +F>F,, @ s+, A 3 dqg wkh uhvxow
iroorzv dv wkhq "| ++F>F> , :$ +G>G> ,, ? 41 Vxssrvh wkhuhiruh wkdw
s+,  B
qnB3w
1 Wkhq/ Su++D|n2> E|n2, @ +F>G,, @ s+, A 31 Ohw
xv dvvxph wkdw +D|n2> E|n2, @ +F>G,1 Wkhq/ |n2 @ 
2 ? 1 Ohw
+D|n?> E|n?, @ +F>G, iru hyhu| q @ 5> ===Q> iru vrph Q A 31 Wkhq/
|n @ 
/ dqg s+, A s+3,1 E| frqwlqxlw| ri s+, lq Q / wkhuh
h{lvwv dq QW ? 4 vxfk wkdw s+
W
, A B
qnB3w
1 Frqvlghu wkh suredelolw|
ri d uxq rq wkh dfwlrq sdlu +F>G, iurp shulrg w. 4 wr shulrg QW1 Wklv lv
jlyhq e|
WT
'|n
s +, dqg lv fohduo| srvlwlyh1 Exw wklv kdv wkh lpsolfdwlrq
wkdw Su++DW >EW, @ +F>F,, A 3 dv zhoo1 Wkhuhiruh/
"| ++F>F> , :$ +G>G> ,, ? 1
Zkhq sod|hu 5 frpplwv d plvwdnh zlwk srvlwlyh suredelolw| zkloh wkh
fxuuhqw vwdwh lv +F>F> ,/ wkh suredelolw| ri uh0hqwhulqj sod| ri +F>F, lv vwloo
srvlwlyh iru dq| ydoxh ri wkh vshhg ri hyroxwlrq ri dvsludwlrqv1 Doo lv uhtxluhg
lv rqfh sod| ri +F>G, vwduwv/ lw vwd|v wkhuh iru vrph shulrgv xqwlo sod|hu 5
4:
djdlq sod|v F1 Krzhyhu/ li wkh vshhg ri xsgdwlqj ri dvsludwlrqv lv vx!flhqwo|
idvw dqg sod|hu 5 frpplwv d plvwdnh dqg sod|v F zkloh lq +G>G> ,/ sod|hu
4 nhhsv sod|lqj G dqg wkh v|vwhp uh0hqwhuv sod| ri +G>G, zlwk sod|hu 4
h{shulhqflqj d uhodwlyho| odujh glvdssrlqwphqw1 Wklv pdnhv sod|hu 4 sod| F
zklfk rqo| hqirufhv uhshdwhg sod| ri F e| sod|hu 5 lq hyhu| dowhuqdwh shulrg1
Wklv ohdgv wr sod| ri +F>F, dw vrph shulrg zlwk suredelolw| rqh1 Wkxv li wkh
vshhg ri hyroxwlrq ri dvsludwlrqv lv vx!flhqwo| idvw/ d vpdoo wuhpeoh uxohv rxw
wkh Sduhwr lqh!flhqw rxwfrph lq wkh orqj uxq1 Sxw lq dqrwkhu zd|/ li  lv
vx!flhqwo| orz wkhq dvsludwlrqv fkdqjh idvw1 Li +G>G> , lv wkh fxuuhqw vwdwh
dqg wkh udwlrqdo sod|hu wuhpeohv wr +G>F,/ wkhq wkh dvsludwlrq lqfuhdvhv d
orw1 Vr/ wkh dvsludwlrq gulyhq sod|hu zloo eh kljko| glvdssrlqwhg e| sod|lqj G
zkhqhyhu wkh v|vwhp uh0hqwhuv sod| ri +G>G, dqg zloo wkhuhiruh ghyldwh wr F
zlwk yhu| kljk suredelolw|1 Wr wkdw/ wkh udwlrqdo sod|hu zloo ehvw0uhvsrqg
e| sod|lqj F dqg wkh qhz vwdwlrqdu| vwdwh lv uhdfkhg1 Rq wkh rwkhu kdqg/
li wkh lqlwldo vwdwh lv +F>F> , dqg wkhuh lv d wuhpeoh/ wkhq wkhuh lv vwloo d
srvlwlyh suredelolw| ri sod|lqj +F>F, djdlq1 Wkdw zloo qrw glvdssrlqw wkh
dvsludwlrq gulyhq sod|hu/ vr wkdw wkh suredelolw| ri prylqj wr sod| ri +G>G,
lv ohvv wkdq 1 Phqwlrq pxvw eh pdgh khuh ri wkh idfw wkdw lq fdvh ri erwk
sod|huv ehlqj dvsludwlrq gulyhq/ vxfk shuwxuedwlrqv ohdg wr sod| ri +F>F, lq
wkh orqj uxq zlwk suredelolw| rqh rqo| li  lv yhu| forvh wr 4/ wkdw lv zkhq
dvsludwlrqv hyroyh yhu| vorzo|1
715 Plvwdnhq Dvsludwlrq Xsgdwlqj
Ohw xv qrz shuwxue wkh prgho e| doorzlqj rqo| wkh dvsludwlrq gulyhq sod|hu
wr pdnh plvwdnhv lq iruplqj fxuuhqw dvsludwlrq ohyhov zlwk suredelolw|  A 31
Wkxv/ zlwk suredelolw| +4 ,/ dvsludwlrq ohyhov duh iruphg dffruglqj wr wkh
ghwhuplqlvwlf uxoh dv lq Ht1+4,/ zkloh zlwk suredelolw| / wkh xsgdwhg gh0
whuplqlvwlf dvsludwlrq ohyho lv shuwxuehg dffruglqj wr vrph ghqvlw| ixqfwlrq
zklfk ghshqgv rq wkh fxuuhqw ydoxh ri wkh dvsludwlrq1 Zh ghdo zlwk wkh
fdvh zkhuh dw qr shulrg fdq wkh dvsludwlrq olh rxwvlgh ^3> `1 Ghqrwh e|
4;
P +, dv wkh fruuhvsrqglqj shuwxuehg surfhvv1 Lqyrnlqj wkh glvfxvvlrq dw
wkh ehjlqqlqj ri vxevhfwlrq 714/ lw zloo eh hqrxjk wr vwxg| wkh fdvh zkhuh
wkh dvsludwlrq gulyhq sod|hu lv pdgh wr pdnh d plvwdnh rqo| rqfh zlwk sure0
delolw|  dqg wkhq wkh surfhvv lv ohiw xqshuwxuehg wkhuhdiwhu1 Zh zloo fdoo
vxfk d surfhvv T  S"1 Wkh iroorzlqj uhvxow lv uhodwlyho| hdv| wr vhh exw
qhyhuwkhohvv/ vxusulvlqj1 Lw vkrzv wkdw wkh sod|huv dfklhyh frruglqdwlrq rq
wkh Sduhwr grplqdqw htxloleulxp srlqw prvw ri wkh wlph lq wkh orqj uxq
luuhvshfwlyh ri wkh vshhg ri hyroxwlrq ri dvsludwlrqv1
Wkhruhp ; Ohw j+F>F> , eh wkh suredelolw| zhljkw dvvljqhg wr wkh vwdwh
+F>F> , e| wkh xqltxh lqyduldqw glvwulexwlrq j ri wkh surfhvv T  S" iru
 $ 31 Wkhq j+F>F> , @ 4 iru dq|  lq wkh lqwhuydo +3> 4,1
Surri1 Zh xvh wkh qrwdwlrq dv ghyhorshg lq vxevhfwlrq 7141 Lw lv rqfh
djdlq vx!flhqw wr fkhfn wkdw

"
| ++G>G> , :$ +F>F> ,, ? 
"
| ++F>F> , :$ +G>G> ,, 1
Krzhyhu/ vlqfh zkloh dw +F>F> ,/ dvsludwlrqv fdq rqo| idoo ehorz wkh fxuuhqw
sd|r h{shulhqfh/ "| ++F>F> , :$ +G>G> ,, @ 3 dqg wkhuhiruh lw vx!fhv
wr vkrz wkdw "| ++G>G> , :$ +F>F> ,, A 3 zklfk lv wulyldo1
Vlqfh wkh dvsludwlrq gulyhq sod|hu fdqqrw e| plvwdnh fkrrvh d ohyho ri
dvsludwlrq zklfk h{fhhgv wkh pd{lpxp sd|r kh fdq rewdlq lq wkh jlyhq
jdph/ li erwk sod|huv frruglqdwh/ qr pdwwhu zkdw lv wkh ohyho ri dvsludwlrq
+plvwdnhq ru rwkhuzlvh,/ wkh dvsludwlrq gulyhq sod|hu frqwlqxhv wr sod| F1
Jlyhq wklv/ wkh udwlrqdo sod|hu qhyhu ghyldwhv wr sod| G1 Wkxv rqfh wkh
v|vwhp hqwhuv wkh sod| ri +F>F,/ lw qhyhu ohdyhv lw1 Krzhyhu/ zkloh dw wkh
vwdwlrqdu| vwdwh +G>G> , ri wkh xqwuhpeohg surfhvv/ wkh dvsludwlrq gulyhq
sod|hu lv doorzhg wr lqfuhdvh klv dvsludwlrq zlwk srvlwlyh suredelolw|1 Lq wklv
fdvh d wlph frphv zkhq +F>F, lv sod|hg zlwk srvlwlyh suredelolw|19
9Rxu frqmhfwxuh lv wkdw li zh doorzhg dvsludwlrqv wr olh lq U/ dv lq Ndudqglndu hw do1/ zh
zrxog rewdlq d vlplodu uhvxow dv lq wkhruhp :1
4<
716 Vlpxowdqhrxv Plvwdnhv
Dvvxph qdoo| wkdw erwk sod|huv pdnh plvwdnhv zlwk srvlwlyh suredelol0
wlhv1 Wkh ghvfulswlrq ri plvwdnhv lv lghqwlfdo wr wkrvh lq vxevhfwlrqv 714
dqg 7151 Zh lqwurgxfh wkh iroorzlqj qrwdwlrq1 Jlyhq wkh ghqlwlrq ri

A
| ++D>E>, :$ +D
>E> ,, dv ehiruh/ ghqh SA| ++D>E>, :$ +D
>E> ,,
dv wkh suredelolw| wkdw wkh v|vwhp lq wkh xqwuhpeohg surfhvv vwduwv dw sh0
ulrg w dw vrph vwdwh +D>E>, dqg wudqvlwv wr srvvleo| vrph rwkhu vwdwh
+D> E> , iru wkh uvw wlph dw vrph ixwxuh shulrg W A w1 Wkhuhiruh/ SA| +,
lv wkh suredelolw| ri d W shulrg wudqvlwlrq sdwk iru wkh xqwuhpeohg sur0
fhvv1 Dv ehiruh/ wkh v|perov "| +, dqg S
"
| +, zloo ghqrwh 
A
| +, dqg S
A
| +,
uhvshfwlyho| iru W $ 41 Xvlqj wkh iroorzlqj wkhruhp/ zh hvwdeolvk dq lq0
whuhvwlqj revhuydwlrq= wkh frqglwlrq iru vxffhvvixo frruglqdwlrq/ zkhqhyhu
wkh udwlrqdo sod|hu wuhpeohv/ lv lqghshqghqw ri zkhwkhu wkh dvslulqj sod|hu
lv doorzhg wr frpplw plvwdnhv ru qrw1
Wkhruhp < Li  olhv lq wkh lqwhuydo

3> 4 s3

q3w
qnB3w

@ +  ,

/ wkhq lq
wkh orqj uxq erwk sod|huv sod| F prvw ri wkh wlph1
Surri1 Dv ehiruh/ lw lv vx!flhqw wr fkhfn wkdw
"| ++F>F> , :$ +G>G> ,, ? 
"
| ++G>G> , :$ +F>F> ,, 1
Vxssrvh zh duh dw vrph shulrg w vxfk wkdw +D|> E|> |, @ +F>F> ,1 Wkhq/
"| ++F>F> , :$ +G>G> ,, @ +4 , S
"
| ++F>G>, :$ +G>G> ,,
.S"| ++F>G> ^3> ,, :$ +G>G> ,, 1
Lqyrnlqj wkhruhp :/ lw fdq eh vkrzq wkdw
S
"
| ++F>G>, :$ +G>G> ,, ? 4 1
Ixuwkhupruh vlqfh
S
"
| ++F>G> ^3> ,, :$ +G>G> ,,  4>
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zh kdyh
"| ++F>F> , :$ +G>G> ,, ? +4 ,  . 
@ 1
Khqfh/ lw vx!fhv wr vkrz wkdw
"| ++G>G> , :$ +F>F> ,, A 1
Qrz/
"| ++G>G> , :$ +F>F> ,, @ S
"
| ++G>F> +> `, :$ +F>F> ,,
. +4 , S"| ++G>F> , :$ +F>F> ,,
. +4 , "| ++G>G> +> `, :$ +F>F> ,, 1
Djdlq/ e| wkhruhp :/ li  olhv lq wkh lqwhuydo

3> 4 s3

q3w
qnB3w

@ +  ,

/
zh kdyh
S
"
| ++G>F> +> `, :$ +F>F> ,, @ S
"
| ++G>F> , :$ +F>F> ,, @ 4/
dqg vlqfh e| ohppd 7/ lw fdq eh vkrzq wkdw
S
"
| ++G>G> +> `, :$ +F>F> ,, A 3/
zh kdyh
"| ++G>G> , :$ +F>F> ,, @  . +4 ,S
"
| ++G>G> +> `, :$ +F>F> ,,
A 1
Vwduw dw d vlwxdwlrq zkhuh erwk sod|huv sod| F dqg wkh dvsludwlrq ohyho lv
h{dfwo| htxdo wr 1 Vxssrvh rqo| wkh udwlrqdo sod|hu pdnhv d plvwdnh dqg zh
duh rxw ri +F>F,1 Zlwk wklv plvwdnh suredelolw|/ wkh v|vwhp pd| hqwhu sod|
ri +F>G, zlwk dvsludwlrqv vwloo htxdo wr  A 31 Wkh rwkhu srvvlelolw| lv zkhq
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erwk sod|huv pdnh plvwdnhv1 Wkh udwlrqdo sod|hu plvwdnhqo| sod|v G zkloh
wkh dvsludwlrq gulyhq sod|hu plvwdnhqo| uhgxfhv klv ohyho ri fxuuhqw dvsludwlrq
ehorz 1 Lw kdv douhdg| ehhq glvfxvvhg zk| wkh suredelolwlhv ri uh0hqwhulqj
+F>F, iru erwk wkh fdvhv uhpdlq vwulfwo| srvlwlyh1 Dq| rwkhu srvvleoh w|sh ri
plvwdnh nhhsv wkh v|vwhp lq wkh hujrglf vhw +F>F> ^3> `, dqg wkxv ehfrphv
luuhohydqw lq wkh surri1 Rq wkh rwkhu kdqg/ li zh vwduw dw d vlwxdwlrq zkhuh
erwk sod|huv sod| G dqg wkh dvsludwlrq lv h{dfwo| htxdo wr / wkh dvsludwlrq
gulyhq dv zhoo dv wkh udwlrqdo sod|hu fdq pdnh plvwdnhv1 Wkh lqwxlwlrq ehklqg
zk| S"| ++G>F> +> `, :$ +F>F> ,, dqg S
"
| ++G>F> , :$ +F>F> ,, duh erwk
htxdo wr rqh zkhq wkh vshhg ri hyroxwlrq ri dvsludwlrqv lv vx!flhqwo| idvw lv
h{sodlqhg lq wkh glvfxvvlrq iroorzlqj wkhruhp :1
8 Frqfoxglqj uhpdunv
Lw iroorzv iurp wkhruhpv :/ ;/ dqg < wkdw li rqo| wkh dvsludwlrq gulyhq sod|hu
pdnhv plvwdnhv/ orqj uxq frruglqdwlrq rq wkh Sduhwr grplqdqw htxloleulxp
srlqw lv dfklhyhg lqghshqghqw ri wkh vshhg ri hyroxwlrq ri dvsludwlrqv1 Krz0
hyhu/ wklv vshhg frphv lqwr sod| rqo| zkhq wkh rswlpl}hu lv doorzhg wr wuhp0
eoh luuhvshfwlyh ri zkhwkhu wkh dvslulqj sod|hu pdnhv plvwdnhv ru qrw1 Lq
vxfk fdvhv qrwh wkdw wkh xsshu erxqg rq  +wkdw lv wkh plqlpxp vshhg,
uhtxluhg wr rewdlq orqj uxq frruglqdwlrq ghshqgv fuxfldoo| xsrq wkh h{dfw
fduglqdo ydoxhv ri wkh sd|r pdwul{ dqg wkh lqwhuwld ixqfwlrq s +, = Wr vhh
wklv/ frqvlghu wkh iroorzlqj wzr h{dpsohv1
H{dpsoh 43
sod|hu 5
F G
 = sod|hu 4 F 7> 7 3> 6
G 6> 3 4> 4
1
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Ohw W ghqrwh wkh xsshu erxqg rq  uhtxluhg wr rewdlq orqj uxq frruglqdwlrq
lq wklv jdph1 Lw lv hdv| wr vhh wkdw

W
 @ 4
s3 +4@5,
5
1
H{dpsoh 44
sod|hu 5
F G
2 = sod|hu 4 F 43> 43 3> 6
G 6> 3 4> 4
1
Ohw W2 ghqrwh wkh xsshu erxqg rq  uhtxluhg wr rewdlq orqj uxq frruglqdwlrq
lq wklv jdph1 Wkhq/

W
2 @ 4
s3 +:@;,
5
=
Li wkh vdph dvsludwlrq gulyhq sod|hu sod|v  dqg 2 zlwk d ehvw uhvsrq0
ghqw/ zloo wkh sod|huv vxffhhg lq dfklhylqj frruglqdwlrq lq erwk wkh jdphv
lq vrph glvwdqw ixwxuhB Qrwlfh wkdw iru dq| jlyhq lqhuwld ixqfwlrq s +, > zh
kdyh W2 A 
W
1 Iurp zkdw zh kdyh hvwdeolvkhg lq wklv sdshu/ zh fdq frq0
foxgh wkdw li  olhv lq wkh lqwhuydo +3> W2, > wkh sod|huv zloo fhuwdlqo| vxffhhg
lq dfklhylqj frruglqdwlrq lq erwk  dqg 21 Rq wkh rwkhu h{wuhph/ li  olhv
lq wkh lqwhuydo +W2> 4,/ wkh| pd| idlo wr gr vr lq erwk rffdvlrqv1 Krzhyhu/ lw
pd| zhoo eh wkh fdvh wkdw  idoov lq wkh lqwhuydo +W> 
W
2,1 Wkhq/ wkh sod|huv
zloo fhuwdlqo| dfklhyh frruglqdwlrq lq 2/ zkloh wkh| pd| qrw eh deoh wr gr
vr lq 1 Wr vxppdul}h/ lw vhhpv lqwxlwlyho| fohdu wkdw udwlrqdo dqg dvslulqj
sod|huv whqg wr dfklhyh frruglqdwlrq rq Sduhwr grplqdqw htxloleulxp srlqwv
lq jdphv zkhuh wkh rssruwxqlw| frvwv ri qrw grlqj vr duh h{wuhpho| kljk1
Pruh rq wkhvh lvvxhv duh uhvhuyhg iru ixwxuh uhvhdufk1
Dq lqwhuhvwlqj h{whqvlrq ri wklv sdshu zrxog eh wr vwxg| srsxodwlrq g|0
qdplfv zkhuh sod|huv duh udqgrpo| pdwfkhg iurp d khwhurjhqrxv srsxodwlrq
frqvlvwlqj ri dvslulqj dqg udwlrqdo djhqwv wr sod| d frpprq lqwhuhvw jdph1
Zloo wkh dvslulqj srsxodwlrq vxuylyh dqg srvvleo| jurz lq vl}h/ ru zloo wkh|
eh pdgh h{wlqfw e| wkh frpshwlwlyh rswlpl}huvB
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Dsshqgl{
Surri ri Wkhruhp 4=
Surri ri Ohppd 51
+l, Wdnh dq| | lq ^3> ` dqg dq| shulrg w vxfk wkdw +D|> E|, @ +F>F,/
lpso|lqj wkdw x
|
+D|> E|, @   |1 Wkhq/ s+|  x

|
+D|>E|,, @ 41 Vlqfh
}|n+4, @ 4/ dqg iru dq| shulrg  A w vxfk wkdw +D >E , @ +F>F,/ zlwk
 5 +3> 4, zh kdyh s+  x


+D > E , @ 4/ hujrglflw| ri +F>F> ^3> `, lv hv0
wdeolvkhg1 Ixuwkhupruh/ olp|<"+F>F> |, @ +F>F> ,1 Wkhuhiruh/ +F>F> ,
lv d vwdwlrqdu| vwdwh1
+ll, Wdnh dq| | lq ^3> ` dqg dq| shulrg w vxfk wkdw +D|> E|, @ +G>G,/
lpso|lqj wkdw x| +D|>E|, @   |1 Wkhq/ s+|  x

| +D|>E|,, @ 41 Vlqfh
wkhq/ }|n+4, @ 3/ dqg iru dq| shulrg  A w vxfk wkdw +D >E , @ +G>G,/
zlwk  5 +3> 4,/ zh kdyh s +x


+D >E , @ 3/ hujrglflw| ri +G>G> ^3> `, lv
hvwdeolvkhg1 Ixuwkhupruh/ olp|<"+G>G>| 5 ^3> `, @ +G>G> ,1 Wkhuhiruh
+G>G> , lv d vwdwlrqdu| vwdwh1
Surri ri Ohppd 61
+l, Vxssrvh |  1 Wkhq wkh uhvxow lv lpphgldwh dv iru dq| shulrg
 A w/ } @ 3 zkloh s

  x



@ 41 Vr vxssrvh | A 1 Wkhq iru dq|
shulrg   w/
s+  , A +  , @ + .   ,
lpso|lqj wkdw } @ 31 Jlyhq dq| W A w/ li zh zdqw wr vhw } @ 4 iru hyhu|
 lq ^w> W  4`/ zh qhhg
s+  ,  +  , @ + .   , 1
Wklv lq wxuq zrxog lpso| wkdw
A\
|
s+  ,  ++  , @ + .   ,,
A 1
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Vlqfh
olp
A<"
++  , @ + .   ,,A @ 3/
lw lv hdv| wr vhh wkdw olp
A<"
A| +G>F, @ 31
+ll, Ghqh wkh yduldeoh {| @ |  x

|
1 Wkhq/ iru dq| {| dqg dq| shulrg
w  3 vxfk wkdw s+{|, A @+ .   ,/ li +D|3> E|3, @ +F>G,/ zh kdyh
}| @ 41 Ixuwkhupruh/ vlqfh iru dq| shulrg w  3 vxfk wkdw +D|>E|, @ +F>G,/
zh kdyh x| @ 3/ lw iroorzv wkdw {| @ |1 Wkxv iru dq| shulrg W A w/ zh rewdlq
A @ 
A
|1 Vlqfh  5 +3> 4,/ lw iroorzv wkdw olp
A<"
A @ 31 E| frqwlqxlw| ri

A
| lq W dqg wkh idfw wkdw s
3 +@+ .   ,, A 3/ wkhuh zloo h{lvw d shulrg
W W ?4 vxfk wkdw iru dq| shulrg W A W W/ zh kdyh A ? s
3 +@+ .   ,,
lpso|lqj wkdw sA +{A , A @+ .   ,1
Surri ri Ohppd 71
Iru dq| |  / wkh uhvxow lv lpphgldwh dv lq sduw +l, ri ohppd 51 Vr
vxssrvh | A 1 Wkhq iru dq| shulrg  A w/ zh kdyh } @ 3 li dqg rqo| li
s +  , 
  
 .   
=
Revhuyh wkdw iru dq|  lq ^3> `/ li
s +  , 
  
 .   
>
wkhq iru dq| 

?  / zh kdyh
s




 

A +  , @ + .   , =
Zh qhhg wr frqvwuxfw wkh vhw ^3>  . %`/ iru vrph % A 3/ vxfk wkdw iru dq| 
lq ^3>  . %`/ zh kdyh
s + , 
  
 .   
=
58
Exw wklv lpsolhv wkdw
   s
3

  
 .   

,    . s3

  
 .   

=
Vhw % @ s3

q3w
qnB3w

1 Wkhq iru dq|  ?  . %/ zh kdyh s+  , A s+%,1
Vlqfh n ?  / zh kdyh +D > E , @ +G>G,/ dqg wkhuhiruh zh rqo| frqvlghu
wkh vhw ^3>  . %,  ^3> `1 E| D1f/ zh nqrz
s+3+  ,, A 4N
3+  , iru dq|  A w=
Frqvlghu wkh ixqfwlrq i+|, @ orj+4  |,1 E| Wd|oru*v h{sdqvlrq/ li | A 3
dqg vx!flhqwo| vpdoo/
i+|, @ | . |2@5 . i======j A 5|=
Wkxv/
orj+4N3+  ,, A 5N
3+  ,=
Wklv lpsolhv wkdw
orj s+3+  ,, A orj+4N
3+  ,,
A 5N3+  ,=
Vlqfh e| D=f/
"[

N3+  , @ N+  ,@+4 , ?4>
zh kdyh
"S

5N3+  , A 41 Wkxv/
"[

orj s+3+  ,, A
"[

5N3+  , A 4=
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Exw
"[
|
orj s+3+  ,, @ orj
"\
|
s+3+  ,,>
lpso|lqj wkdw orj
"T

s+3+ ,, A 4 dqg wkhuhiruh
"T

s+3+ ,,
A 31 Wklv lpsolhv wkdw olp
A<"
A| +G>G, A 31
Surri ri Ohppd 81
Wkh Ohppd lv suryhg e| frqwudglfwlrq1 Ghqrwh e| +D>E,W wr eh wkh vhw
ri doo srvvleoh vhtxhqfhv ri dfwlrq surohv uhdol}hg lq wkh orqj uxq1 Wkxv/
+D>E,W lv wkh vhw ri doo srvvleoh orqj uxq rxwfrphv ri 1 Ghqh
Oi+F>G, > +G>F, > +G>G,> +F>F,j
dv wkh vxevhw ri orqj uxq rxwfrphv lq +D>E,W vxfk wkdw hdfk rqh ri wkh irxu
sdluv ri dfwlrq surohv dsshduv lqqlwho| riwhq1 E| ohppd 5/ li wkhuh h{lvwv d
orqj uxq rxwfrph c lq +D>E,W vxfk wkdw wkh dfwlrq sdluv +F>G, dqg +G>F,
duh erwk lq c/ wkhq +F>F, fdqqrw eh lq c dqg wkhuhiruh zh frqfoxgh wkdw
Oi+F>G, > +G>F, > +G>G,> +F>F,j @ >1 Ohw
Oi+F>G,> +G>F,> +G>G,j  +D>E,W
eh doo srvvleoh hohphqwv ri +D>E,W frqwdlqlqj hdfk +F>G,/ +G>F, dqg +G>G,
lqqlwho| riwhq dqg qr rwkhu hohphqw1
Fodlp 4= Oi+F>G,> +G>F,> +G>G,j @ >1 Wr vhh fodlp 4/ vxssrvh wkhuh
h{lvwv dq c lq Oi+F>G,> +G>F,> +G>G,j1 Iru dq| shulrg w  3 vxfk wkdw
+D|> E|, @ +G>F,/ vlqfh zh duh lq c/ wkh dvsludwlrq ohyho fdqqrw olh rxwvlgh
^3> `1 Wkxv/ s

|  x

|

@ 41 OhwE @ F iru wkh shulrgv  @ w.4> w.5> ===> w.
n/ iru vrph n1 Lw lv hdv| wr fkhfn wkdw wkhuh h{lvwv W vxfk wkdw dw dq| shulrg
 @ w . W / zh kdyh E|nA @ G1 Vlqfh c lv lq Oi+F>G,> +G>F,> +G>G,j/
wkhuh h{lvwv W  vxfk wkdw iru doo W A W / zh kdyh nA lq ^3> `1 Wkhuh
5:
duh wzr srvvlelolwlhv dw wklv vwdjh1 Li    . %/ wkhq e| ohppd 7/ zh kdyh
olp
A<"
Ang+G>G, A 31 Exw wklv/ e| ohppd 5/ lpsolhv wkdw +F>G, dqg +G>F,
grhv qrw ehorqj wr c1 Rq wkh rwkhu kdqg/ li  A  . %/ wkhq }nA @ 4 dqg
snA +nA  , ? 4/ lpso|lqj wkdw Su ^+DnA >EnA , @ +F>F,` A 3/ wkxv
frqwudglfwlqj +e| ohppd 5, zlwk wkh idfw wkdw +F>F, lv qrw lqfoxghg lq c=
Ohw
Oi+F>G,> +G>G,j  +D>E,W
eh doo srvvleoh hohphqwv ri +D>E,W frqwdlqlqj hdfk +F>G, dqg +G>G, dqg
qr rwkhu hohphqw1
Fodlp 5= Oi+F>G,> +G>G,j @ >1 Wr vhh wklv/ vxssrvh e| sdvvlqj wr
frqwudglfwlrqv/ zh qg dq c lq Oi+F>G,> +G>G,j1 Wkhq/ iru hyhu| shulrg
w  3 vxfk wkdw +D|> E|, rffxuv lq c/ wkhuh h{lvwv +w, A 3 zlwk | ? . +w,/
dqg wkhuh h{lvwv d shulrg wW vxfk wkdw |W ? 1 Vlqfh iru hyhu| w A w
W/ zh
kdyh | ? / wkhuh h{lvwv d W
W A wW vxfk wkdw
}A Wn+s+A W   m +DA W > EA W, @ +F>G,, @ 4/
zkhuh wkh h{suhvvlrq s+A W   m +DA W >EA W, @ +F>G,, ghqrwhv wkh ydoxh ri
s +, dw shulrg W W . 4/ jlyhq wkdw dw shulrg W W wkh uhdol}hg dfwlrq suroh lv
+F>G,= Vlqfh c lv lq Oi+F>G,> +G>F,> +G>G,j/ iru hyhu| shulrg W A W W/ zh
kdyh +DA >EA > A , wr ehorqj wr +G>G> ^3> `,1 E| ohppd 5/ wklv frqwudglfwv
zlwk +F>G, ehlqj lq c1
Ghqh vlploduo| wkh vhw Oi+G>F,> +G>G,j  +D>E,W1
Fodlp 6= Oi+G>F,> +G>G,j @ >1 Wkh surri ri wklv fodlp iroorzv gl0
uhfwo| iurp wkh surri ri fodlp 41
Ilqdoo| e| ohppd 6/ +D>E,W @ Oi+F>F,> +G>G,j dqg wkh uhvxow iroorzv
e| ohppd 5 dqg ohppd 71
Wklv frpsohwhv wkh surri ri wkh wkhruhp1
5;
Uhihuhqfhv
^4` Dxpdqq U1 M1 dqg V1 Vrulq/ 4<;91 Frrshudwlrq dqg Erxqghg Uhfdoo/
Jdphv dqg Hfrqrplf Ehkdylru/ 4/ 806<1
^5` Edonhqeruj G1/ 4<<61 Vwulfwqhvv/ Hyroxwlrqdu| Vwdelolw| dqg Uhshdwhg
Jdphv zlwk Frpprq Lqwhuhvwv/ plphrjudsk/ Xqlyhuvlw| ri Shqqv|oyd0
qld1
^6` Ehqgru M1/ G1 Prrnkhumhh/ dqg G1 Ud|/ 4<<81 Dvsludwlrqv/ Dgdswlyh
Ohduqlqj dqg Frrshudwlrq lq Uhshdwhg Jdphv/ Glvfxvvlrq Sdshu/ Sodq0
qlqj Xqlw/ Lqgldq Vwdwlvwlfdo Lqvwlwxwh/ Qhz Ghokl1
^7` Elqpruh N1 dqg O1 Vdpxhovrq/ 4<<:1 Pxggolqj Wkurxjk= Qrlv| Htxl0
oleulxp Vhohfwlrq/ plphrjudsk/ Xqlyhuvlw| Froohjh Orqgrq1
^8` Kduvdq|l M1 dqg U1 Vhowhq/ 4<<31 D Jhqhudo Wkhru| ri Htxloleulxp Vh0
ohfwlrq lq Jdphv/ Fdpeulgjh/ PLW Suhvv1
^9` Ndudqglndu U1/ G1 Prrnkhumhh/ G1 Ud|/ dqg I1 Yhjd0Uhgrqgr/ 4<<;1
Hyroylqj Dvsludwlrqv dqg Frrshudwlrq/ Mrxuqdo ri Hfrqrplf Wkhru|/ ;3/
5<506641
^:` Ph|q V1 S1 dqg U1 O1 Wzhhglh/ 4<<61 Pdunry Fkdlqv dqg Vwrfkdvwlf
Vwdelolw|/ Vsulqjhu0Yhuodj Orqgrq Owg11
^;` Sdorplqr I1 dqg I1 Yhjd0Uhgrqgr/ 4<<<1 Frqyhujhqfh ri Dvsludwlrqv dqg
+Sduwldo, Frrshudwlrq lq wkh Sulvrqhu*v Glohppd/ Lqwhuqdwlrqdo Mrxuqdo
ri Jdph Wkhru|/ 5;/ 79807;;1
^<` Sd}jdo D1/ 4<<81 Vdwlvflqj ohdgv wr Frrshudwlrq lq Pxwxdo Lqwhuhvw
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